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Semiclassical dynamics of a bound system in a
high-frequency field

Naarma Brenner and Shmuel Fishman{
Department of Physics, Technion, Haifa 32000, Israel

Received 5 May 1995

Abstract. The quantal behaviour of a particle in a one-dimensional triangular potential well,
driven by a monochromatic electric field, is studied. A classical high-frequency expansion
together with semiclassical uniform methods are used to obtain an explicit form of the Floguet
evolution operator in the unperturbed basis. A local exact solution is found for the eigenvalue
equation of this operator under certain conditions. The local solution provides a tool for the
quantitative investigation of the eigenstates. It predicts the appearance of quasi-resonances, or
photonic states, and gives their location, shape and width as a function of parameters. It also
predicts a local crossover from a decaying region to a more extended region as a function of
n, with a point of crossover n, between them. The results concerning the local structures are
used to justify and extend a previously suggested method for the investigation of the asymptotic
properties of the eigenstates. These are found to decay with a power depending on the field
parameters (first proposed by Benvenuto ez al). The specific system studied here is suggested as a
prototype model for a class of driven one-dimensional bound systems, whose main characteristic
is an increasing density of states as a function of energy.

1. Introduction

The quantum mechanical behaviour of -one-dimensional systems that are chaotic in the
classical limit has been studied extensively [1-6]. These systems are of conceptual interest
in the field of ‘quantum chaos’ [1,2,7, 8], and are of experimental refevance as models of
realistic systems [3,9-11]. Having only one degree of freedom, these systems are easy
to understand theoretically and to simulate numerically. Yet, in general, their classical
dynamics is chaotic, showing complex behaviour and diffusive motion in phase space. The
physical relevance of these model systems results from the fact that in many cases the
motion of small driven three-dimensional objects can be described approximately by one
effective degree of freedom. Such is the case, for example, for the linear molecule [9] and
for the highly excited hydrogen atom in a microwave field [3]. Of particular importance in
this respect is the family of models describing periodically driven one-dimensional systems,
which are related to small quantum systems in periodic driving fields. For these, quantum
mechanics is described in terms of the Floquet operator, which is the unitary operator of
time evolution for one period [2, 12, 13].

The most well understood model system is the kicked rotor, described the Hamiltonian
[4,14,15]
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where & is an angle and p is the conjugate angular momentom. It describes the motion
of a rigid planar rotator with a moment of inertia equal to unity and an electric dipole, in
the presence of a periodic electric field with a time dependence of a train of §-functions.
The effective strength of the driving is X, and time is measured in units so that the period
is unity. A possible different interpretation of this Hamiltonian (with different boundary
conditions) is that of a particle in an infinite square well potential in one dimension [16].
Classically, the kicked rotor reduces to the standard map [15], being a stroboscopic map
relating the variables (8, p) at successive time periods of the external field. For large
enough values of K, the trajectories in phase space of this map are diffusive, i.e. the
average momentum squared satisfies (p?) ~ ¢ [14, 15]. Quantum mechanics introduces an
additional parameter, namely the effective Planck constant . The simple é-function time
dependence in this model enables the exact calculation of the Floguet operator in the basis of
the unperturbed angular momentum eigenstates |r). One finds that it has the form of a band
matrix, with the bandwidth depending on (K /), and that generically the diagonal elements
are pseudorandom [6]. This is the basis for a formal mapping between this problem and
that of a particle in a one-dimensional lattice with random on-site potential and a finite
range of hopping interaction [6]. This is a well studied problem in solid state physics
[17, 18], and it is known that Anderson localization is found in this case: all eigenstates are
exponentially localized on the lattice, with a typical localization length &. Cormrespondingly,
the eigenstates of the Floquet operator are exponentially localized in the |n) basis. This
implies that the classical growth in energy of the system, related to the diffusion in phase
space, is suppressed in quantum mechanics by a mechanism similar to Anderson localization
i3, 6, 18]. Many resuits from localization theory were successfully carried over to explain
the dynarmnics of the kicked rotor [19-23]

Inspired by these ideas, much research has been performed along similar lines for other
systems. Many classical systems can be approximated [ocally by the standard map, and
therefore localization was expected to play an important role in their quanturn dynamics. In
particular, Casati ef al [3] described classically the driven one-dimensional hydrogen atom
(which is 2 good approximation to the three-dimensional highly excited hydrogen atom),
by a map on a Poincaré surface of section, called the Kepler map [24]. Rather than being
stroboscopic in time, this map relates the values of the external field phase and the energy of
the electron at successive passes near the nucleus. This nonlinear map is locally similar to
the standard map, therefore it was argued that locally its quantum dynamics should be like
that of an Anderson model, with a localization length £ related to the parameters of the Jocal
classical map [24]. Jensen et al [25] used an effective local quantization of the standard
map on a partial set of the unperturbed basis, consisting of quasi-resonant states which
dominate the dynamics. Other approaches, not related to Anderson localization, were also
suggested for the theoretical treatment of the driven hydrogen atom. In particular, Bliimel ez
al [26] proposed an approximation based on the fact that in different regions of unperturbed
quantum number n one part of the Hamiltonian is much larger than the other. Power-law
localization of the Floquet eigenstates was found numerically, and explained semiclassically
to result from the structure of the position operator £ in the unperturbed basis.

Some important differences between the kicked rotor and other driven systems, in
particular the hydrogen atom, should be kept in mind when making use of analogies to solid
state models. First of all, there is no psendorandom element in the unperturbed spectrum
of the hydrogen atom. Whereas for the kicked rotor the structure of the unperturbed
energy levels E, ~ n® results in the diagonal elements of the Floguet operator having
pseudorandom phases, for the hydrogen atom E, ~ —1/n?, for which the phases are far
from being pseudorandom. In contrast, for large n the sequence of phases E,(mod2x)
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becomes a slowly varying function of #, that is almost constant. This property is shared
by other confining potentials with a discrete spectrum. Consider-a potential well in one
dimension which has the form of a power law, V(x} ~ x°. For ¢ < 2, the energy levels
becomie dense at high energies, i.e. the level spacing tends to zero. This means that the
phases E,(mod2x} are not pseudorandom [27, 28], but are a slowly varying function of n
for large n. For larger powers satisfying & > 2, the unperturbed spectrum is not siowly
varying, but it is not psevdorandom either, and other kinds of behaviour can be expected
{28-30]. Only in the limit of the power going to infinity, corresponding to the infinite
square well, is the spectrum psendorandom as in the case of the rotor.

Another difference, related to the first one, is the spectrum of unperturbed frequencies
corresponding to transitions between unperturbed states. The kicked rotor has one basic such
frequency, and all transitions are multiples of this basic frequency. The scenario of Anderson
localization described above holds for the non-resonant case, where the frequency of the
driving field is not rationally related to this basic frequency of the rotor. For the resonant
case, the dynamics is very different: rather than suppression of energy diffusion, resonant
excitation takes place [31]. On the other hand, for systems where the unperturbed spectrum
-~ E, is a slowly varying function of n, there are many transition frequencies, and there can
be many near-resonances with the external field. This is the reason for the occurrence of
‘quasi-resonances’ [33] or ‘photon states’ [24] both in the transition amplitudes and in the
eigenstates of the Floquet operator. -

In order to shed some light on the quantal behaviour of periodically driven systems with
an asympiotically slowly varying unperturbed spectrum, a specific system of this type wiil
be studied in the present work. It is defined by the Hamiltonian
ﬁz _ ' _ . o
om + q&oX +gExcos it =0 (1.2)
where m and g are, respectively, the mass and electric charge of the particle, and &, is the
strength of the constant electric field which constitutes the confining well. The condition
X 2 0 means that there is a perfectly reflecting wall at ¥ = 0. The strength of the
time-dependent electric field is £, and it drives the system with an angular frequency 2.
We suggest this system as a prototype for the family. of one-dimensional models where
the unperturbed spectrum E, is a slowly varying function of n. As explained above, the
hydrogen atom, as well as power-law potential wells with a power smaller than 2, fall into
this category. For these systems, since the classical frequency of the unperturbed motion
tends to zero at high energy, an external periodic perturbation becomes of high frequency
compared to the classical frequencies in this region. If one external frequency is involved,
this allows the effective separation of time scales and a formal perturbative expansion around
the high-frequency limit. A small parameter can be defined, which is the ratio between the
unperturbed classical frequency and the driving frequency, and its dynamics can be studied
classically for short times. Since the field period is a very short time scale in the problem,
a semiclassical calculation of the Floquet operator using the short-time classical solutions
is expected to be very accurate. Under certain conditions. it 'will be shown that the slowly
varying nature of the unperturbed energies can be exploited to construct a local exact solution
to the semiclassical eigenvalue equation. This results from the fact that locally this equation
is related to that of the kicked linear rotor, which is an exactly solvable problem [34]. The
local solution can be used to investigate the properties of the quasi-energy eigenstates,
including a quantitative description of the quasi-resonances, their location, shape and width,
and a characterization of the typical width of the eigenstate. The results concerning the
local structures can, in this case, be used to justify a previously suggested method for the

HE, p; P =
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study of the asymptotics of the eigenstates [32]. This method consists of a projection of an
eigenvalue equation from the n-space to the partial set of quasi-resonances; therefore, the
information concerning the structure of these quasi-resonances is of importance in applying
it.

It should be mentioned that a model similar to (1.2) has been studied by Shimshoni and
Smilansky [35], but with a driving field in the form of é-kicks. It turns out that the resulis
in that case are quite different from those found for the model (1.2). The reason for this
difference will become clear at a later stage. '

The Hamiltonian (1.2) appears in several areas of physics. It is a model for trapped
charge carriers under the surface of helium IV [36]. The charge carriers are repelled from
the surface into the liquid, where the dielectric constant is larger, by their image charge.
If, in addition, a constant electric field & is applied perpendicular to the surface, the total
potential acting on the particle is

, | ,
%q— T g&F (1.3)

where Z is a constant depending on the dielectric constant of the liquid, g is the particle
charge and ¥ measures its distance from the surface. The basic features of this potential
are strong repulsion near the surface, and a linear dependence on the coordinate far from
the surface. Therefore, the Hamiltonian (1.2) was suggested as a simplified model for this
systern [35].

It is also related to the motion of electrons in a very weak magnetic field, near a
surface {37]. Such electrons move along ‘skipping orbits’, performing only small portions of
the cyclotron motion and colliding with the surface at a small angle of incidence. The degree
of freedom corresponding to the motion perpendicular to the wall, can be approximately
described by the binding potential in (1.2). Transitions between the unperturbed levels
E, ~ n?? explain accurately the peaks in the surface impedance of materials in a weak
magnetic field [38].

A simple classical interpretation of (1.2), is a massive ball bouncing on a pericdically
vibrating platform, under the influence of gravity. This classical model has been studied
by Pustylnikov [39], who proved that there are sets of initial conditions for which diffusive
trajectories in phase space are found. A classical Kepler-type map was constructed by
Benvenuto et al [40), which accounis accurately for the classical motion. For the quantom
problem, numerical sirnulations indicate a transition from localized to extended states as a
function of the driving strength [40]. An analogy was proposed to an Anderson-type model
with a variance of the random potential which varies along the lattice [32]. For this solid
state model, it is known that a transition takes place between power localized (normalizable)
and extended (non-normalizable) states [411. It was argued that a similar mechanism causes
the delocalization of the Floguet eigenstates in the dynamical problem.

In the present work, the method outlined earlier for systems with a sfowly varying
spectrum will be applied to the model system (1.2). In section 2 the classical equations of
motion will be solved approximately in the high-frequency field regime, and an approximate
stroboscopic mapping will be constructed. In section 3, the approximate classical trajectories
will be used to calculate a semiclassical approximation for the Floguet operator in the
unperturbed basis. In section 4, the local solution will be presented, and properties of the
eigenstates will be deduced from it. The predictions will be tested numerically wherever
possible. The conclusions will be summarized and discussed in section 3.
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2. Classical dynamics

In this section the classical dynamics of the model system defined by the Hamiltonian (1.2)
will be investigated. For this purpose, a perturbative approach will be employed, which is
appropriate for the high-frequency field regime. A small parameter will be defined, which
effectively separates two time scales in the system: one (fast) related to the external field,
and the other (slow) related to the unperturbed motion. The Hamiltonian (1.2) can be scaled
to convenient units, so that classically it depends on two parameters: the external driving
frequency and the external driving strength. A convenient transformation that is used in the
present paper is x = cxX and p = ¢pf, with ¢; = g€ and ¢ = 37 /+/m. The time and
the frequency in these units are ¢ = c;cpf and €2 = §2/czcp- The value of the energy is not
altered by this transformation, namely H = H, and it'has the form

p2

2(3m)?
where k = £/&;. Note that this transformation leads to the transformation of the value of
Planck’s constant, i = cxcph where 7 is Planck’s constant in the units of (1.2), while % is
its value in the units of (2.1).
The unperturbed system, described by the Hamiltonian
P
Ho= —— 2.2
i TerD +x (2.2)
is an integrable one, with action-angle variables deﬁned by the following energy dependent
canonical transformation:

H=

+x + kx cos Qt 2.1

1
1= o pdx = QE)*? 2.3)

8d=mxnr/]l —x/E 2.4)

where the {—) sign corresponds to positive momentum and (+) to negative momentuim.
Here the angle is defined such that it is zero when x = Q, at the beginning of the classical
orbit, and is 27 when x = (-again at the end of the orbit.

In what follows, the dynamics of the driven system will be described in terms of these
variables. The full time-dependent Hamiltenian in these action-angle variables is

k

H{I,0; 1) = 12f3+ Fszf’na(ei) cos §2t 2.5

where a(6) = 276 — 62, and § = & mod 2. Hamilton’s equations of motion are then

i= 1212/3 (6 — ) cos : ' ’ 2.6)
m

8= Tlm + 33:1’-[‘11/3'2(6) cos S'Zt 2.
These equations, of course, cannot be solved exactly for long times, since the system is
chaotic. For short times, a perturbative method can be used. Rather than treating £ as the
small parameter.and the driving field as a perturbation to the particle in the well, we take
a somewhat different approach. Since the system is also integrable in the absence of the
reflecting wall, we effectively take as our “unperturbed’ situation the one where the particle
does not interact with the wall during most periods of the driving field. This condition is

approached as the energy of the system Hp becomes. higher, since the time of retum to the
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wall grows with the energy. The dimensionless parameter which controls this approximation
is the ratio between the classical frequency and the field frequency,

ey 1

Q T 3QIA
where ¢ = 0 corresponds to the ‘far-wall limit’ [35], and our aim is to expand the solution
for small but finite €. To do this, it is convenient to define 2 dimensionless time variable

T =5 (2.9)

€ (2.8)

so that the driving field has a cycle of length 27, namely an angular frequency of unity.
To make this a canonical transformation, we accompaty it by a change of the energy scale,
H — H /. We note that ¢, being a function of the action 7, varies with time. We therefore
write the equations of motion for the two variables ¢ and @ as

d k =

= = S x —b)cost (2.10)
dr =«

de

—=c+ iea(&) COST . @11
dr 72

It is seen that under the assumption that e <1, the time variation of ¢ is slower than that
of 8. Therefore, it is possible to solve the equation via an iterative process of a Bomn-—
Oppenheimer type. In what follows, we will always measure the time from the beginning
of a cycle of the electric field. Similar formulae, but more complicated, can be derived for
the more general case where the initial time is 75 # 0.

The first step is to assume that @ is constant, and to solve the equation for 6. This is
the first order in €, and one obtains

k
(t)=06y+ €1+ eo;[—za(eo) sint (2.12)

where 6y = 6{t =0) and ¢y = &{r =0). To lowest order the motion in & is linear in time
(with the coefficient €p), with oscillations of unit frequency on top of the smooth motion.
The magnitude of the oscillations depends on 8y as well as on €, being maximal at 6 =
and approaching zero as 8 approaches the ends of the interval [0, 2x].

The next step is to insert the solution for &t} into the equation for ¢ and solve it to
second order in €g. It should be noted that the equation of motion for €, equation (2.10),
includes a mod operation. In general this introduces great complexity into the solutions, but
since we are interested in solutions only for short times, there will be at most one ‘jump’
mod 2 of 8(z) within a period of the external field. This is becanse of our assumption that
€ & 1, which implies that during the field cycle the particle completes only a small fraction
of the unperturbed period, corresponding to the angle 6 completing only a small fraction
of a cycle of 2n. According to the definition of &, it equals an integer multiple of 27
whenever the coordinate x is zero, t.e. when the particle collides with the wall. Therefore
the ‘jump’ mod 27w is exactly the collision with the wall, and under our assumptions it can
occur at most once during the external field period. The two cases of a cycle with and
without a collision will yield two different solutions for e(z). It is helpful to define the
‘collision time’ * by the equation 8(z*) = 2x. A collision will occur in a cycle, only
if the angle & at the beginning of the cycle is close enough to 27, so that t* < 2xw. In
this region of initial conditions, the function a(8p) is small, so that T* is determined to first
order by the equation

By t+er*t=2m. (2.13)
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This may be formulated as a condition on & for the occurrence of a collision in the cycle,
namely for 7% < 27

G > 0% =27l —¢). (2.14)

It can now be checked that indeed a(fy) is O{¢) in this region, so that it is consistent to
neglect if in the first-order approximation for *. The solution for () can now be wriiten,
with the two cases—collision or no collision—determined by the initial angle. If 6 < &*,
i.e. the initial condition at the beginning of the cycle is such that no collision will occur,
one obtains

k . k k2 ,
e(r) = ¢y — 55;(90 —m)sint — eg;g(r) - egﬁ[a(eo) —2(6p ~ m)?]sin’r  (2.15)

where g(t) = (T sint-cosr—1). In this case €(r) changes periodically within the cycle,
leaving no net change at the end:
€(2m) =¢q. : (2.16)

If, on the other hand, 8y > 6*, i.e. the initial angle is sufficiently close to 2 for a collision
to occur, one finds

e(t) =€ — 63:—2}”(1:, bo) — € 2g{r) + eo[f(f 6o)) 2.17)
where
£ 80) = [(90 —msin e 2.18)
! [(6 — 3=)sinT + 27 sinT*] T>T#,

In this case there is a net change in () over one field period. With the help of (2.8),
the solution can now be written to the order of €7 in terms of the canonical variable I: for
a cycle with no collisioﬂ, one finds

k
2/3 . l/3
I(T)_10+ (90—n)1/ sint+ 2558 (e)
2 .

s [a(80) + 2(80 — m)*] I, sin’ (2.19)

while for a cycle with a collision,
k

1) =Io+ — Io’3f(r 00) + 5sepke 80+ 30—k L w60 (2.20)

In figure I, the solutmn for (1) to second order in ¢ is shown, within a cycle that contains
a collision. The function I(r) has a cusp at 7 = t*, the collision time. The perturbative
solution (squares) is compared to the exact numerical integration of (2.6) and (2.7).

The relation between the values of 6 and I at a fixed time in successive cycles of the
electric field, defines a classical mapping. This may be written, to first order in &, as

L; 6:" < 9*
In+1 = 2k 2/3 - * 4k2 1/3 2 *
I+ —= 1P sine* + o [P sin’ 7 & >0 (2.21)
2T
Opay =0y + — 171
n+l = + g

where I, and 8, are the values of the dynamical variables at the beginning of the nth field
cycle. The two branches of [, cotrespond to &, being less than or greater than 8%, i.e. to
the occurrence or absence of a collision.
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Figure 1. The perturbative solution (squares) for the action variable ! (r} within one field cycle
containing a collision, compared w the exact numerical solution {full curve). The collision time
is ™.

In principle, the method described above allows one to proceed to higher orders in €.
The solution for 6(z) to second order in ¢, is presented in appendix A as an example,
where the time variation €(7) is taken into account, This is the next step in the iterative
Bom—Oppenheimer procedure. It should be noted that t* and 6*, being dependent on
both dynamical variables, must also be expanded in powers of ¢ to the correct order. The
calculation of the Jacobian of the map (2.21) to first order, given in appendix B, demonstrates
this expansion. It is seen that in order to include all first-order terms in the Jacobian, the
map should be calculated to a higher order.

A qualitative picture of the dynamics may be described from the lowest order in (2.21).
In this approximation, for some initial conditions there is free dynamics, whereas for the
others, the particle undergoes a collision with the wall, which, similar to a ‘kick’, may
change its action, Therefore the field effectively transfers energy to the particle only near
the wall, whereas far away from the wall its effect reduces to local oscillations of the action
with no net change. Previous works [40] have exploited this fact to construct an ‘impact
mapping’ relating the action before and after a collision. As J becomes larger, the time
between collisions becomes longer, and the motion is regular for longer periods of time.
The effectiveness of the ‘kick’, however, also grows with 7, so that looking at long times
compared to the classical period the motion is never really regular. This qualitative picture
allows one 10 caiculate the average rate of diffusion in 7. Each time the particle collides
with the wall, it acquires an additional action

%
INEY Eﬁﬁ* sinT* . (2.22)

Assuming ¥ to be uncorrelated at different collisions, this averages over many collisions
to

2.’(2
(AL = m[“ﬂ". (2.23)
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The time between collisions is approximately equal to the unperturbed cycle time, T =
617, so that as a function of the time T

k? '
(A1) & ooz lT. (2.24)
This is the same result as obtained by the impact mapping [40], but in different variables.
In order to describe a global picture of the phase space under the action of the map (2.21),
it is helpful to find some of the periodic orbits, or fixed points of order r, of the map. These
are defined by the equations

hir=1l, By =6, +21l (2.25)

where ! is the winding number, resulting from the periodicity of phase space in #. The
fixed points of lowest order r are easily found assuming that the particle hits the wall at
most once during the period of the fixed point. If this is the case, the action changes only
at one field cycle of the period, whereas it stays constant in all other field cycles. Solving
the equation for & in (2.25) and (2.21), it is seen that to the leading order the values of 7
at the fixed points satisfy '

wo(D) [
=, . . 2.26

o p, (2.26)
This is simply the resonance condition. Since wp(l)/ 2 = ¢, only orbits with I/r « 1

can be found in the framework of our approximation. Equation (2.26) can be written as a

condition on I,

16D (ﬁ)"' _ 2.27)

It is seen that for a given r there is a maximal value of I (corresponding to I = 1), where a
period of length r occurs; at larger actions, only fixed points of higher order are found. From
the equations for [ in (2.25) and in (2.21), one finds that the fixed points must also satisfy
sin v* = Q. For each given [, this is a condition on the angle &. There are two types of fixed
points, determined by the value of cos t*. For the first kind, where cos t* = 1, one finds
that 6; =2xlj/r, where 1< j<r. This means that 6 passes through the two endpoints of
the segment {8*, 2], which is the segment of initial conditions for which collisions occur.
At these endpoints, 7% = 0 or 27 and the action remains unchanged, therefore these are
fixed points. The stability of the periodic orbit is found by diagonalization of the local
monodromy matrix to leading order. For the case cost* = 1, it is found that the fixed
points are unstable, and dencting the eigenvalues by ¢*%», one finds

: 172 .
y = (4ké) = O(ke). (2.28)

Thus the mapping becomes less unstable for large values of 7. The second kind of periodic
orbit is found for cos t* = —1. These also occur at actions [ satisfying (2.27), and are
composed of the points &; = wi(2j+1)/r, where 0< j < (r—1). This orbit passes through
the middle of the segment [#*, 2xr], where t* = . These fixed points are stable, and the
eigenvalues of the monodromy matrix are e*», The two periodic orbits at the same value
of I form a chain of alternating stable and unstable fixed points.

A typical set of phase-space trajectories of the approximate map (2.21) is shown in
figure 2(a). The trajectories are shown only in the vicinity of the unstable fixed points,
since near the stable ones the violation of area preservation in the approximate map
makes long trajectories meaningless. Figure 2(b) shows a set of trajectories of the exact
mapping, obtained by numerical integration of (2.6) and (2.7). For the sake of comparison,
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Figure 2. Phase-space trajectories in the vicinity of the unstable periodic orbits, for &k = 0.5
and 2 = 0.45. (@) The approximate map, {b) the exact map.

only trajectories near the unstable fixed points are shown for the exact mapping as well.
The general structure of the fixed points can still be seen clearly from this partial set of
trajectories.

It should be noted, in concluding this section, that the procedure presented above can
be applied to other situations. Consider a Hamiltonian in action angle variables,

Holl.8;8) =HoI) + LV (D)a®) F ) (2.29)

where Ho(f) = Af® and V{J) = Blfg, with positive ¢ and 8, while a(#) is a 27 periodic
function, and f(r) is periodic in time with a frequency 2. If 0 < & < 1, the small parameter
€ = aAI*"1/Q can be defined, and equations of motion for # and for € take the form

de

— = Fik Q. )3 (1) (2.30)
gg =¢+ Rk Qe f) 2.31)
where
_ (1 -®)Bka*i da
F = (ACE)H de (2.32)
and
ﬂ
kBBQET
Fy= XBP - : : (2.33)
(A&.)(u-l)

If 8 < a, the time dependence of 8 is dominated, to lowest order, by the unperturbed motion,
and is faster than the time variation of I. Then, a Born—Oppenheimer-type expansion similar
to the one applied here, can be used to find the approximate classical solutions for one cycle
of the external driving.

3. Semiclassical dynamics

In this section the quantum dynamics of the system will be analysed in the framework of
the semiclassical approximation, taking as the classical input the approximate results of the
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previous section. A form of the semiclassical approximation for Feynman’s path integral
will be used to calculate the evolution operator for one cycle of the electric field. The units
nsed in this section are the same as in the previous one, namely those of the Hamiltonian
(2.1) scaled by 1/£2, with the dimensionless time 7.

The semiclassical propagator in the action representation is [42]

KWt Lry=Y Al exp ki—{S,-(I’, n (3.1)
i

where the sum is over classical trajectories connecting [ at time 7 to I” at time z’. The
action S;(I’, I') is the generating function of the canonical transformation of time evolution
along this classical trajectory:

S D = 6w ~HII @, 66 (32)

where [ (1) and &(u) are the dynamical variables along the jth trajectory, The amplitudes
A;j(I', I are related to this classical generating function via

o 1 825, 7
A(I,])_.[ T 37 . | (3.3)

One must therefore solve the classical ‘boundary-value problem’: given two endpoints
[ and I’, find the classical paths connecting them in a given time, and calculate the
corresponding generating function S. In our case, we are interested in time evolution
over one period of the external field, i.e. ' —t = 2%. The time is measured, 25 usual, 50
that a cycle begins at T = 0; this restriction is only for convenience and is not an essential
one. If the action is I at time 7 = 0, then to leading order the action at time T = 2x is

I 8 < g*

1@m=1 . 2 op

sint* g > o* (3.4)
where here 6 is the angle at the beginning of the cycle {which was denoted by 6, in the
previous section), and t* is the time of collision with the wall. To the leading order,
™ =(2r—0)/e, where € = wp(J)/ 2. Consider first the case of the boundary value problem
with I’ # I, comesponding to the off-diagonal transition amplitudes. In this case, the
classical path must be such that :

2%
I'=7+ EIM sint*. (3.5)

For a given pair (f, I'), the classical paths are determined by the initial value of 6.
Expressing 7* as an explicit function of / and ¢, we find the equation for this initial
coordinate . ’
LI -D
@ = 2w — ¢ arcsin (EW) . : (3.6)
If the argument of the arcsin is of absolute value less than one, there are two distinct real
values f satisfying (3.6). In this case, I and I’ satisfy the following condition:

2k
=g =, 3.7
r-1< = N
These two values of # correspond to the two branches of the arcsin. They are the initial
conditions of two distinct classical paths satisfying the boundary conditions. The two

solutions coalesce when an equality holds in (3.7). This is the limit of the classically allowed
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region, and beyond it only complex values of & satisfy (3.6). The regular semiclassical
approximation breaks down in what is known as a catastrophe, when such a coalescence
of classical paths occurs. Rather than treating each region separately, it is possible to use
a uniform approximation to get an expression which is valid on both sides of the singular
point, as well as near it. This approximation consists of making a coordinate transformation
which leaves unchanged the structure of stationary points of the path integral, i.e. their
nomber, position, and the second variation in their vicinity. Therefore, the semiclassical
approximation remains unchanged. This method is applicable for ordinary integrals [43]
as well as path integrals [44]. The situation where only two classical paths coalesce is
the simplest case of a catasirophe. A cubic transformation gives the integral in terms of
Ajry functions and their derivatives; this is the well known Airy approximation [45]. An
alternative transformation to a cosine function is more suitable for finite integrals with
periodic boundary conditions. This gives the integral in terms of Bessel functions and their
derivatives [46]. ‘

It is convenient to use the uniform approximation in the ‘initial-value representa-
tion’ [44]. This method will be used in this section. The expression for the propagator
(3.1) can be derived as a stationary phase approximation of a path integral, where the sum
over classical paths is a sum over the stationary points. The initial-value representation
expresses this path integral as a regular integral over the initial conditions #, of a func-
tion which has a similar stationary point structure, and in particular has the same type of
catastrophe or coalescence of stationary points. Within the semiclassical (stationary phase)
approximation, the injtial-value representation of the propagator is equivalent to (3.1), and
it is only in this sense that the corresponding integral should be understood. The initial
variables of a classical trajectory at time T will be denoted by ([, 8), while the final values
of the variables on the same trajectory at time 7’ will be denoted by (I, 87). These values
depend on the initial values (J, &) through the equations of motion. In this notation, the
trangition amplitude takes the form [44]

. 1 (= 86/ @)\ L F)
K(I,r,I,r)rszﬁfo ( 39) & do 3.3)
where
HOENOREIUOES SN (3.9)
This representation holds if the condition
867 (8
T #£0 (3.10)

is satisfied for all values of @ [44].

In what follows, we will use the approximate solutions of the classical equations of
motion, obtained in the previous section, to calculate approximate expressions for the action
S(I’, ) and the transition amplitudes K (I', 2x; I, 0). We would like to point out that this
procedure is perturbative in the small parameter ¢ defined in section 1, and not in the
strength of the driving field. In particular, for every value of the external field, there exists
a region where the quantum number r = I /# is sufficiently large so that this approximation
holds.

We will use an approximation to S(’, [} that contains the two terms leading in ¢,
which are of order ¢™2 and ¢7!. To get all the terms of this order, one needs to take
into account only the first-order solution for 8(t), and two orders in the solution for I(t):
those proportional to I and to /1/3. One should also take into account the fact that the
propagator is large only in the region of allowed classical paths, and therefore |I — I’| is
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effectively of order 7%3, as is clear from (3.7). Note that to the off-diagonal elements, only
cycles which contain a collision contribute. The solutions to this order, given by (2.12),
(2.19) and (2.20), are substituted into (3.2). The integral over the cyele is performed in two
parts, before the collision (t < 7*) and after it (v > t*), with the corresponding parts of
the solutions used in each part. The result is

4k o
S, 1y~ 2w Ho(D) — 1P sine™ + g 921”3 g(r*)
4k 42
—3—9-—1”3 sint* + 3926‘(9 —3m) M3 5in? 7+ . (3.11)

Using the map (2.21) for the expression of {f,8) at the end of the cycle in terms of the
values at the beginning of the cycle, one finds

F(0) ~ =2xHo(I) + 2rre(f — I+ 6 — I') + R(cos t*(8) — 1) (3.12)

" where R = (2k/37$%)I'3, Equation (2.21) implies that (367 /86) = 1. The trans1t10n
amplitude is thus, according to (3.8),

K, 2m; 1,0) = en®0 N ' (3.13)

where the phase & is defined by

SO I = —2rHo(D) +2n{e+ M1 - 1) - R : (3.14)
and 7 is the integral
1 (™ i , . ‘
= 7o% | SPFII — 179+ Reosz* (@ +m)} 6 . (3.15)

If there is no collision, F(8) takes the value found for * = 0 (or 27), as can be verified by
direct calculation. Therefore, the function ¢*(8) has been extended to be zero in the region
of no collision, § < 8*. The dependence of R,€ and 7* on I has been suppressed for
convenience of notation. The integral of (3.8) has been transformed to the region [—m, 7], -
It is now in a form suitable for the non-integer Bessel uniform approximation as presented
in [46]. The integral representation of the Bessel function used is
iv m—ioo' e :
Jv(g) — e—1(§c059+v6) de . (316)
27 Jp—ieo
Denoting the phase of the integrand in (3.15) by G(9)/h, the Bessel approximation is
obtained by the following transformation:

1
EG(Q) =—Lcosy—vy+A 317

where !, v and A are real parameters to be determined. The parameters of the transformation
are found, as usual in uniform approximations, by identification of the stationary points and
by the expansion of the Jacobian in their vicinity. However, in the non-integer Bessel
approximation an arbitrariness remains since there are three unknowns. [t is known that for
all possible solutions, this approximation reduces asymptotically to the Airy approximation
[46]. In our case, a simple solution is naturally chosen, since for the special case € = 1 the
integral (3.15) is proportional to a Bessel function. It will be assumed first that I’ > I and
that the stationary points are real.
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Assuming that ¢ and v are positive, one finds the following equations from the
requirement that the transformation & — y maps stationary points onto stationary points:

1 T
E(GI +Ga)=4-— EV

z—lhf(Gz - G)) =+/t? —vZ —varccos (-;—)

where Gy denotes the value of G(#) at the first {second) stationary point. These values
satisfy

(3.18)

1 I-r
EE(G]+GZJ=( = )J’I’(I—E/Z)

1 1l > €., €
(G2 =G ==/R =@ =D = ('~ D) arccos [ (7' - D] .
Equating the two expressions, one finds the equations for the unknowns ¢, v and A. We
choose the solution
=R/
v=ell'— Dtk (3.20)
i e
A=—=(-I"-—(=-1.
7 ( -3 ( )

(3.19)

One may easily verify that the transformation reduces to the trivial one expected for the
case € = 1. The next stage in the uniform approximation is to expand the Jacobian as
{d6)/(dy) = pg + gocos ¥, and to demand that this expansion is identical at the stationary
points. Onpe finds that 7o = ¢ and go = 0. A similar procedure can be carried out for
the classically forbidden region, where the stationary points are complex. The final resuit
obtained with the help of the representation (3.16) is, for I' > I,

T ZoBeC=D=RID ). 3.21)

This approximation is justified if £ = R/A is much larger than unity, which holds in the
semiclassical limit # — 0 or I — co. Note also that even though the two stationary
points become closer to one another as I — oo, the value of the phase G(#)/% at these
points remains well separated, as is easily seen from (3.19). The resulting expression for
the off-diagonal transition amplitude in the semiclassical approximation is, for I* > I,

; 3
K27 1,0) = :—lexp%[—-br?-{o(f) - =1~ —zi(r’ -D- R}J.,(;) . (32D
By the same calculation, it is found that for I’ < [ the transition amplitude is
R 27: 1,0) = %exp %[-2::?{0(1) 2w’ ~ 1) — ”——;(1’ —1)— R}Jl,,;(g). (3.23)

We now consider the diagonal amplitudes K (7, 2m; I, 0). In this case, there are classical
paths of two kinds satisfying the boundary-value problem—paths with and without a
collision with the wall. Since the semiclassical propagator is constructed as a sum over
all classical paths satisfying the boundary conditions, we will consider the two types of
paths separately and then add their contributions. Denoting by K the contribution from the
paths that collide with the wall and by Ky the contribution from those that do not collide,
we write

K(,2m;1,0) = K8, 2m3 1, 0) + Ko(1, 2773 1, 0). (3.24)
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In the region of initial angles where a collision occurs (6 > 6*), there is an isolated initial
angle @ in the middle of the interval which leaves / unchanged, corresponding to 7% = 7.
Also the two endpoints of the interval, corresponding to t* =0 and ™ = 2w, leave 7
unchanged. Note that these two endpoints correspond to two different values of the initial
angle 8. They mark the borders between the regions with and without a collision with the
wall, Application of the initial-value representation to the collision region is similar to the
calculation of the off-diagonal propagator, and vields

Kl 2w:1,0) = ZeF 1o(0) (3.25)

where Jg is the Bessel function of zero order, and € is given by (3.14).

In the region where no collision occurs (f < %), there is a non-generic degeneracy
of classical paths. All initial conditions in this interval result in an unchanged action over
the field cycle, and must therefore contribute to the diagonal propagator. This situation
is similar to the one encountered for integrable systems, where the action is conserved
at al} times. In this case the propagator is known to be proportional to a §-function. A
straightforward application of the semiclassical approximation (3.1) to this case is, of course,
not possible since the amplitudes diverge. It can be shown, however, that the initial-value
representation can capture such a singularity [44]. This is done by adding a small term §H;
to the Hamiltonian, which lifts the degeneracy between the continuum of paths. Then, it
is possible to derive the form of the initial-value representation for the propagator to the
leading order in 8. Taking the limit § — O at the end of the calculation, gives the correct
result for the semiclassical propagator corresponding to the degenerate Hamiltonian. The
calculation of the propagator in the ‘momentumn representation for a free particle with a
~ small perturbing potential, is shown as a deta:led example in {44] (second paper). A similar

“ calculation in our case yields

1 _x
Ko(l,27:1,0) = .53'2‘3“7{0(’)(1 —€). (3.26)
In summary, we find for the diagonal propagator the sum of the two terms,
) L |
K27 1,0) = 2™ 7 %0 [1 4 € (fo)e™ ~ 1)]. 327

The quantum action assumes the discrete values I, = nfi, and the propagator is a discrete
matrix in the |n) representation. Its elements are, for n’ > n,

(|0 |ny = RE (hn', hin)
= e B (1 — ) + e TR (1)), (3:28)

The corresponding expression for #’ < n is found from (3.23). In these expressions, all I-
dependent quantities which have been previously defined should be understood as calculated
at [ =nh, for example € = e(nk), & = R{nh)/h, etc. For small ¢, the diagonal elements of
the matrix have an absolute value close to unity. Neglecting the term of first order in ¢, their
phase is the free propagation exponent of the unperturbed system. As already mentioned
earlier, these phases are rot pseudorandom [28,29].

The off-diagonal elements are first-order corrections in ¢. Remembering the definition of
€ = 1/(3Q2(nh)!/?) and using the asymptotic expansion of J,(£), one sees that the magnitnde
of the off-diagonal terms decreases slowly as a function of column number, namely as =12,
For a given column of the matrix, the Bessel function implies an effectively finite bandwidth
b beyond which the elements decrease rapidly as a function of |n — ). The edge of the
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band is where the argument and order of the Bessel function are approximately equal. This
width, however, changes with the column number:

B(n) =.;;%(nn)2f3 ) (3.29)

From the general structure of a row of the matrix (3.28), one may estimate the staying
probability at state # after a time T =2m:

Pr—on=1- Z |02~ 1 - —~——(nh)'1/3 =1- —2-(:' AzeTRE (3.30)
wn i

This implies that the characteristic time for transitions (defined, for example, as the time after
which P{(n — n) = 1/e) is not the period of the electric field, but rather the unperturbed
classical period, which is proportional to 1/¢. This is obvious from heuristic classical
considerations, since the action is conserved for many field periods when the particle is far
away from the wall. It implies, through uncertainty, that these transitions will not have a
constant width in energy, but rather a width proportional 1o ¢; taking into account correctly
the density of states, one finds that the transitions have a width which is constant in action
space. :

The increasing bandwidth structure has been noticed previously in numerical
calculations. In [48], the time dependence of the electric field was chosen to consist of
two truncated parabolas, similar in general shape to a sine function. Exact methods known
for a quadratic time dependence were used to calculate the Floquet operator numerically
in the unperturbed representation. The effective bandwidth was found to fit a power-law
dependence on the line number, with a power of 0.5-0.7, in agreement with the power of
% found in the present work.

The expression (3.29) for the bandwidth as a function of column number was cbtained
using first-order perturbation theory in €. It marks the edge of the classically allowed region,
and is therefore related to the classical equations of motion. A bound on this width, without
relying on the perturbative solutions, can be obtained directly from the differential equation
for 1(z):

Ak ps
dr JTZQI (6 —m)cosT. (3.31)
Since & = 6 mod2x, one has [§ — 7| < 7 and
8| _ ko
=<5t (3.32)

The bandwidth at column » is the maximal change in the action variable after one field
period, for the initial condition f(0) = nfk. In order to puta bound on JA| = | (27)—1{0)],
consider first the quantity |AIV3] = |I(2m)1/3 — 1(0) l/3| Tt satisfies

k
/3 _ 13 _ 2
(A7) ’fd] ]f 725

—dr (3.33)
where the last inequality follows from (3.32). One ﬁnds, therefore,

g 494

k
7 @m)Y3 — 1Y% < 525 . (3.34)

This can be stated as a bound on jAT| itself,

2k 2k
2/3 173 4
IAI| I(O) +3 (39) I (39) (3.35)
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where the & sign corresponds to the positive and negative values of Al, respectively. It is
seen that for small ¢, the main contribution cornes from the first term, and the power % of
I is found. The corrections are indeed of higher order in ¢ and are proportional to 7(0)!/>,
Since this is only an upper bound, the prefactors are different from those of the perturbative

solution.
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Figure 3. A comparison between the exact Floquet matrix and the semiclassical approximation.
{a) The absolute value of the elements in a typical row (full curve, exact; broken curve,
semiclassical), for k = 0.8,22 ~ 0.} and # = 3x. (b) Same as (a) for k = % R =~ 045
and & = 9m, emphasizing the classically forbidden region outside the band. Note the small
oscillations, not accounted for by the semiclassical approximation. (¢) The phases of the
diagonal elements (full curve, exact; triangles, semiclassical an?/®, with & = =/ Q&Y?), for
k=202 = 135 and & = 3=. (d) The phases of the off-diagonal matrix elements in line
100, for k = 2.0, 2 =~ (.45 and % == 37. Full curve, exact; triangles, semiclassical as given by
(3.14); circles, semiclassical with e{n)(n — m) replaced by Hg(n) — Hoplm).

A comparison between the semiclassical result (3.28) and the exact Floquet matrix is
presented in figure 3. The exact matrix was calculated using a nuemerical method suggested
by Peskin and Moiseyev [49], based on the extended Hilbert space method [50]. The
absolute values of the matrix elements in a typical row are plotted in figure 3(a}). The band
structure, beyond which a sharp exponential decrease of the elements occurs, agrees well
with the semiclassical approximation. The oscillations of the Bessel function are seen to
account nicely for the structure inside the band. The semi-logarithmic scale of the inset
emphasizes these features. Figure 3(b) shows a similar comparison, for different parameters,
emphasizing the classically forbidden region. It is seen that while the semiclassical matrix
predicts a factorial decay as a function of n, -the numerically calculated matrix, in fact,
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decreases much more slowly, with characteristic oscillations. The magnitude of these
oscillations is very small (they cannot be detected on a regular scale plot) and their
period of oscillation slowly increases in the row. These structures are a result of higher
order correciions to the semiclassical approximation, and are left for further investigation.
Figure 3(c} shows the cosine of the phase of the diagonal matrix elements. The slowly
varying nature of the phase is clearly seen. In figure 3(d) the cosine of the phase of the off--
diagonal matrix elements is presented. The exact phase is compared with the semiclassical
result (3.14), and with the value obtained when wy(nf){(nh — mh) in (3.14) is replaced by
E, — E,,. These two expressions are equivalent within the framework of the semiclassical
approximation. It should be mentioned that the agreement between the exact calculation
and the semiclassical approximation (3.28) improves as the size of the matrix is enlarged,
and best agreement is found far from the edges of the matrix, in the vicinity of the centre
of the band. The largest matrix size in the exact calculations is 400. The value of A used
here is i = ¢pc; = 3mq&o/+/m, comresponding to =1 Forg=1and m=1it takes the
value ki = 3w &;.

The quasi-energies A of the Floquet operator {7, and the corresponding eigenstates [1;),
are defined by the equation

Ulyn) = e jyn) . (3.36)

In the unperturbed n-representation, we denote the quasi-energy states by ¥ () and suppress
their A-dependence. Typical states are shown in figure 4. The eigenstates of the exact matrix
are compared to those of the approximation (3.28). A most striking feature of this function
is the existence of a ladder of sharp peaks. A good agreement is found with the semiclassical
eigenstates, concerning both the positions of these peaks, and the amplitude superimposed
on the peak structure. Similar peaks were also seen in the steady state distribution obtained
from evolving the systern numerically [40]. The steps in the ladder are of an approximately
} energy interval which corresponds to a one-photon transition, and were therefore termed
‘photonic states’. This ladder of peaks was also observed in numerical caleulations for the
driven hydrogen atom. For small external fields, such that classical perturbation theory is
applicable with the field strength as the small parameter, this effect has a general theoretical
explanation. It has been shown [33] that for a general bound system in a high-frequency
field, the long-time transition amplitudes between unperturbed action variables obey an
approximate selection rule (called a ‘quasi-resonance’), corresponding to these one-photon
transitions.

From the general structure of the semiclassical matrix (3.28), the following simple
explanation for the quasi-resonance phenomenon emerges, without the need to rely on
perturbation theory in the driving k. Consider first a matrix made up of the diagonal
elemenis only. Each of the eigenstates of this matrix, corresponding to a given quasi-
energy An, is peaked on one site, r, which satisfies %‘Hg(n?a) — Ap, = j, where § is an
integer. There are typically many values of » with A, nearly degenerate, so that there are
many nearly degenerate states corresponding to a quasi-energy A = A,, with peaks spaced
at distances

BHO -t 1
=|—=] =3Q@n)=I[mn]". 3.37
n (a(nm) (1) /% = e(u)) (3.37)
Now treating the off-diagonal terms in (3.28) as a perturbation (since they are small in
the high-frequency limit), the degeneracy between the different values of # is lifted, and
combinations of the peaked states are formed; this is the photonic ladder. It should be noted
that this is an effect of the slow variation of Hg as a function of n. In other words, this
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Figure 4. Typical eigenstates of the Floguet matrix {full curve) as compared to those of the
semiclassical approximation (broken curve), for £ = 2.0, 2 = 045 and & = 3x. The semi-
logarithmic inset stresses the amplitude superimposed on the peak structure.

is because at high unperturbed energies the field becomes of high frequency, ie. ¢ — 0.
Consider, for example, a general mode! for Hy,

C
Hy(n) = §(nﬁ)°‘ (3.38)

with o and C positive constants. Then according to the above reasoning, the positions of
the quasi-resonances are spaced at :

An = ﬁ(nﬁ)’-a. ; (3.39)
Ca

Therefore, the peaks are well defined asymptotically, namely they are separated by a distance
larger than unity, only for @ < 1, where the phase of free propagation is a slowly varying
function of #. Thus one obtains a simple explanation of the quasi-resonances only in terms
of the unperturbed energy spectrum and the existence of a small perturbation by the off-
diagonal terms of the Floquet operator. In our case the magnitude of these elements is
proportional to €. The detailed form of the off-diagonal terms, in particular, their phases,
is not important for the existence of the photonic states. This picture is supported by
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the fact that the position of the quasi-resonance ladder is continuous as a function of the
quasi-energy A; this fact is seen in the numerically caleulated eigenstates of (3.28).

The condition for the cxistence of the photonic states can be formulated in terms of the
characteristics of the binding potential Consider a system described by the Hamiltonian

Holx, p) = —1— p + = V(x) + kx cos(t) (3.40)

where V' (x) is 2 potential wcll in the form of a power law V{x) ~ x”, with ¢ > 0. Then
in terms of the action variable n the energy levels are asymptotically E, ~ n%, where
o = 20/(c +2). The external field is therefore asymptotically of high frequency for wells
with a power ¢ < 2, leading to e < 1, and for these it is expected that the photonic states
appear at high enough energy.

In the next section, an exact solution for the eigenstates will be found on a local scale,
under certain conditions. This will provide a more quantitative description of the quasi-
resonances beyond the heuristic explanation presented here, which includes their shape,
average width and fluctuations in the width. In addition, it will enable the explanation
of the larger scale structures observed in the numerical calculations, as well as the
justification of some assumptions leading to previous results about the asymptotic decay
of the eigenstates,

4. Investigation of the quasi-energy states

In this section the nature of the eigenstates of the matrix (3.28) will be studied. The
properties of these functions will be considered on several scales, from the scale of the
single quasi-resonance, to that of characteristic decay of the states. A connection between
our picture and previous works will be made, and some assumptions leading to previous
results concerning the asymptotic behaviour of the states will be justified. Many of the
results of this section follow from the exact solution of a local linearized approximation of
the semiclassical eigenvalue equation. The resulting model and its solution are presented
in subsection 4.1. The structure of the single quasi-resonance predicted by the linearized
solution is studied in subsection 4.2. In particular, it is argued that in the semiclassical limit
the eigenstates of the full (nonlinear) system are combinations of such quasi-resonances.
The resulting asymptotic behaviour of the eigenstates is explored in subsection 4.3, while
the intermediate structure, covering many quasi-resonances but not asymptotic, is studied
in subsection 4.4.

4.1. The linearized model and its exact solution
The eigenvalue equation for the Floguet operator in the r representation is

D Unwiw = 650y, @.1)

(Recall that in our units, the field period is 27.) In the semiclassical initial-value
representation used here, the matrix elements can be written as (see equations (3.8), (3.9)
and (3.28)) B

1 o LF@)
Upw =2_;; A en de 4.2)

where

%F(@) = —2—;-710(11?:) +2ne(n—n)+8(n—n"+ g(cos @) —1). (4.3)
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Here € and R are implicitly n-dependent quantities, and z* was extended to include the
whole # region, as in the previous section. Denoting r =n'—n, one can write the eigenvalue
equation in the following form:

[~ o
Z: Uy mirWnar = Z U ntr e!ar!l" = e_i#lw (4.4)
== r=—0
where the sum over r has been extended to —co. This is Justlﬁed for large n, since in this
case the tail of the sum includes exponentially small contributions. Also the translation
operator on the lattice €%, defined by e, = ¥,4, was introduced. Now using the
expression for the matrix elements, the sum over r in (4.4) can be performed:

Z U ar € _e--llrrﬂo(nﬁ) 1 f Z ~iQre+B)r+4 RicosTO)-1) gifir 4 4.5)

Fe=—o r=—c0

Since R is a slowly varying function of r (R ~ nl/ 3), it will be assurned that acting on it
with the translation operator does not change it much, and therefore the function and the
operator commute. Since the values of » effectively participating in the sum are within a
bandwidth of the matrix, this approximation means that the function R{cost* — 1)/% does
not change much within one bandwidth. Explicitly, this condition is
5 :

m = 9?[82% < 1. : (46)

Then, the summation of (4.5) yields the following eigenvalue equation:

et R Holh) g} Rlcos ()—1) Yn = ™50y @7
where T = *(8 — 2¢), or in explicit form ‘

_ 2me — 6 @ < 2me

T(@)=. € (4.8)

0 8 >2me.
Equation (4.7) is the eigenvalue equation for a kicked system, with a ‘kinetic energy’ term
which is proportional to #*/3, and a kick that depends adiabatically on n.
Equation (4.7} can be solved locally, if one exploits the slowly varying nature of the

‘kinetic’ energy and approximates it by a linear function
dHo
on

where | = (n —-ng). This is a good approximation as long as the correction is much smaller
than 7, namely in a region around ny of size dr satisfying

on < 3V . ' @.10)

This region increases as #g — 00. In a region of this size in the vicinity of ng, the function
£[cos £(€) — 1] can be considered to be independent of [, as long as (4.6) holds. Therefore,
in this approximation we have the eigenvalue equation of the linear rotor,

el e—#we) ¥ = ezt (i—ho) ¥ ' .11

Ho(nh) = (n?z)m & Holnoh) -+ ( ) (rn — ng) = Holnoh) + ik 4.9

with a ‘kicking potential’

_Rlcos@/e) — 1] 6 <2re
Ve = {0 ‘ g > 2re “12)



5994 N Brenner and S Fishman
and a constant term which sl}ifts the quasi-energies: Ay = Hg(noht)/%. The operator [is

the momentum conjugate to 6. This problem has an exact closed solution in the form of a
series in the & representation [34]

. 1 eimé
{B[WA)=6XPI{BLL+E§VH~;E—_@:_—I} (413)

where V(8) = Y V,,e"™, and p is an integer defined by the equation
1
2n(h —Ap) = % Vo + p2re [mod 2x]. (4.14)

In our case, we have for the Fourier components

-R . 2/e?
V, = —-g 1Tme _— = 4.
m= e sm(rrmvs)m(m2 —yT Vo = Re (4.15)
and thus the function of {(4.13) is found to be
o0 2
— g o
(8|4} = expi {9#—!— mz=] 2w =] sm(mB)} (4.16)

where ¢ = R/h. Note that the Fourier series decays asymptotically as 1/m>. This is
related to the fact that the potential V(#) has a discontinuous second derivative. The sum
in the exponent can be summed exactly, and the function can be written explicitly in the
[{} representation,

sin[(u—Dmw+ ¢ f2—mr /€]
[(g—Dm+ /2~ mm /€]

Ulyn) = ¥ 3" 1.(B) (4.17)

where B = ¢/2sin(w/¢). Some details of the derivation are presented in appendix C.

The function in (4.17) is composed of a chain of narrow peaks, which is just the
ladder of quasi-resonances, or photonic states. In addition, it has a characteristic width,
determined by the width of the Bessel function. Since cur solution is only local, its typical
width should be compared to the size of the region over which the linearization holds
{condition (4.1G)). The local approximation is consistent if the function decays within the
regime of linearization, since otherwise a strong sensitivity to the boundaries of the region
is expected. The condition for consistency of the linearized sclution is

kz
n2=m 1. , (4.18)
Note that this condition is compatible with (4.6), namely with the approximation that led
to the effective kicking propagator.

In the rest of this section the properties of the function (4.17) will be studied, and
will be tested numerically against the eigenstates of the semiclassical matrix (3.28). The
full wavefunctions will be constructed by matching various regions where (4.10) holds.
The main consequence of this procedure is that the eigenstates are combinations of sharply
localized quasi-resonances. This result will be used to justify and extend a previously used
method, in order to draw conclusions about the asymptotic nature of the states.



Semiclassical dynamics of a bound system 5995

4.2. Structure of single quasi-resonances

According to the local solution (4.17), the quasi-resonances have the shape of the function
sinc(x) =sin(x)/x on a lattice, separated by a distance of approximately 1/e. )

Figure 5 shows a single quasi-resonance in an eigenstate of the semiclassical
matrix (3.28), compared to the same quasi-resonance in the linear approximation to this
fonction, equation (4.17). The value of 1 was found numerically from (4.14). The position
of the peak, as well as its shape, fits well to the theory. For the parametesrs of figure 5,
the condition under which the theory was developed are fulfilled; ; = 0.19. The condition
for the consistency of the linear solution 7, < 1 is similarly satisfied. It should be noted,
however, that good agreement on the scale of the single quasi-resonance is found by the
same calculations also for parameters where these inequalities are violated.

0.15 P J ' H
k=1
:I:! serniclassical 0=240.54
— 01} .
’a I+ lin. approx. e~0.0118
k) i ;
.

i0 20

_ Figure 5. A comparison between a quasi-resonance in an eigenstate of the semiclassical
matrix (squares), and that of the comresponding eigenstate of the local equation, equation (4.17)
(triangles), for k =1, @ & 0.54, & = 37 and n, = 14970,

In principle, one would expect that under the conditions of validity (4.18), the linearized
solution will fit the semiclassical eigenstate over a range of many, quasi-resonances in the
asymptotic limit. In practice, however, the increasing bandwidth limits the size of np
around which the semiclassical matrix can be constructed and diagonalized numerically.
Therefore, numerical calculations can be performed only in a region of parameters where
the linearized solution is valid on relatively short scales. Note, that the local solution
(location of resonance, its shape and beight) depends sensitively on the changes of the
local parameters 1/¢ and £, since they appear in the argument of a trigonometric function
(see equation (4.17)). For example, in figure 5, the change in these parameters between
neighbouring quasi-resonances is of order 0.1%. The peaks next to the one shown in the
figure, do not fit the local solution so well in their shape and height.

In order to go beyond the region of validity of the linear approximation, i.e. to ‘sew
together’ the different regions of linearization, we now construct a local approximation for
the wavefunction corresponding to a quasi-energy A near the jth quasi-resonance. Starting
from the solution to the local linearized problem (equation (4.17)), with a quasi-energy 2,
we consider the argument of the sinc at a quasi-resonance peak. This peak, denoted by I,
is determined by the condition that the argument is closest to zero. We define the deviation
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from zero, 8;7, by the following equation:
(=[x +¢/2—mnfe =§m. (4.19)
By definition, {§; < ]5 Substituting the expression (4.14) for g,

Vi ‘
mep = 2w (h — hg) — ?" +2rr reZ (4.20)

and using the explicit value (4.15) for Vp, we find that §; satisfies the following equation:
elifi =h(h — Ao} + ji — chd; @.21)

where j = r —m. Recalling that €/;7 is the unperturbed energy of the linearized model
at the peak /;, one sees that in the framework of this model §; is just the detuning of this
energy from exact resonance with the electric field, normalized by the level spacing <h.
The quasi-energy sets the origin of the quasi-resonance ladder, and the peaks are located at
equal distances j% in energy, with a mismatch <%4;. The quasi-resonances are labelled by
J which is their position on this ladder.

Now consider an eigenstate corresponding to a quasi-energy A, of the original (not
linearized) problem, with the slowly varying energy ~n*>. In the close vicinity of a
given quasi-resonance, it can be approximated locally by an eigenstate of the linear kicked
rotor (4.11), with the local values of €, { and Aq, and with the given value of L. The quasi-
resonance at n; will then be described by a sinc function with §; satisfying the following
equation:

Eyo + €(nj — no)h = R + jh — €Bé; . (4.22)

This equation follows from (4.21), since I; = (nj—no) and E,, = Aph. If the linearization
centre np is close enough io the guasi-resonance, and for large enough np, one may
approximate he = (BE,l/Bn),,J and Ep, +€(n; — no)h ~ E, , with a correction term that
is of higher order in ¢, so that the parameter characterizing the quasi-resonance centred at
action #; is just §; satisfying ' '

8E,

Ep =hA+ jh —§; ( ) . (4.23)
an n=n;

Thus, the eigenvalue A sets the origin of the quasi-resonance ladder corresponding to the

state, and the quasi-resonances are numbered by their position j on this ladder. Each is

described approximasely by a sinc function,

sinfz{n—n;+4;)]
m(n—n;+8;)

characterized by the peak position n; and the normalized detuning &; of (4.23). This
equation was obtained in a region where linearization holds around E,,. Now the centre of
linearization can be varied, resuliting in a local relation between E, , j and §;.

The sequence of peak positions n; and normalized detunings §; for a sequence of
neighbouring quasi-resonances is estimated by writing, near the jth quasi-resonance, the
energy as a function of a continuous action:

0} () =

4.24)

dE 1
At An = E,,,+(—a~ni) & = E(n;+38) = -éa(ﬁ(n_,--i-aj))zﬁ. (4.25)
ny

Inverting this relation, one finds that

+v13/2
n = int{[ZQh(A+J)] }

n (4.26)
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and

@.27)

=\ 1372
b,  frac {[29%1-!-1)] }

f

where int {x} is the integer part of x and frac {x} its fractional part. Therefore, the §; form
a pseudorandom sequence as a function of the quasi-resonance number j (2§, 29], with a
uniform distribution in [-1, 1].

In figure 6, sections of typical quasi-energy states are compared to sequences of the
single-resonance approximations (4.24}, with parameters r; and §; as predicted by (4.26)
and (4.27). In figure 6(a) the state was obtained by diagonalization of the numerically
calculated exact Floquet matrix, whereas in figures 6(%) and (c) the states are those of the
semiclassical matrix (3.28). The value of X used in (4.26) and (4.27) was obtained by a
fitting which minimizes the mean-square deviation from the numerical state. It was found
in the close vicinity of the numerical eigenvalue corresponding to this state. The difference
was of the order of 10~ for figure 6(a), and 10~? for figures 6(b) and (c). The reason
for this difference is probably the non-semiclassical behaviour in the small-n region for the
exact matrix, and the deviation from unitarity of the semiclassical matrix. The maximum
of each sinc was normalized to the amplitude of the wavefunction at the quasi-resonance
peak. Thus the calculation only tests the assumption that the eigenstates are formed by the
sequence of sinc functions (4.24) with the values of n; and §; predicted by (4.26) and (4.27).
It does not address the question of their amplitudes. For clarity, only a small part of the
n-values are shown, but a similar agreement holds throughout the whole basis used. In the
case of the exact matrix, the agreement improves for higher values of n, as expected. The
integrated square difference between the state obtained by diagonalization and the chain of
local approximants (4.24) is of the order 10~* for figure 6(a), and 1072 for () and (c). The
quasi-resonance structure of the shape (4.24) with the values of n; and §; as predicted by
(4.26) and (4.27), is found also for eigenstates of blocks of the semiclassical matrix which
are smaller than the bandwidth &(n), in a region of parameters where the condition (4.6)
is strongly violated. This is the case for the parameters of figure 6(c), where g =~ 19.
We conclude that this structure is not sensitive to boundary conditions, giving an additional
support to the ‘sewing’ procedure for the wavefunctions.

On the basis of the local linearization, and with the support of numerical tests, we
thus conclude that the quasi-energy state in the r representation can be constructed as a
linear combination of the functions Q}(n), with a sequence of n; and &; satisfying (4.26)
and (4.27). Their relative weights cannot be determined from the linearized approximation,
since these represent the structure of the function over a wide range, where the linearization
does not hold. Note that the functions (;(n} are not orthogonal, and their overlap sum is

sin[(ny — ny + & — 8;)x]
{nj» — nj s 5j - 3_,:*)7!,'

>0l = (4.28)

From equation {4.27) it is clear that the difference between various values of §; is, in general,
of order unity. Equation (3.37) implies that
€ln, —npl>1  for j#J (4.29)

consequently the magnitude of the overlap sum is bounded by e(J = n,h), where
m = min(j, j'). It decreases as a function of [f — j/|. Orthogonality is approached in
the limit € — 0. The eigenstates will thus be assumed to take the approximate form

Ve =D AQI) _ (4.30)
7
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Figure 6. Test of the general form (4.30), with the parameters §; satisfying (4.27) and with
arbitrary amplitudes AJ*-. for the eigenstates of (@) the exact mattix, and () and (¢} the
semiclassical matsix, for & ~ 0.54 and & = 3w. A small portion of the state is shown in
the figure, but a similar agreement holds for the whole n-basis used, For the parameters of (¢),
the conditions of the theory are strongly violated, z; # 19 (see equation (4.6)).
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[y
T T 7

Figure 7. The width ' (4} of quasi-resonances as a function of their position n. The data are
collected from many eigenstates of the semiclassical matrix with &k =3, 2 = 0.19 and & = 6x.
The full curve shows the average as predicted by (4.31) with § uniformly distributed.

where Q;(n) is defined by (4.24), with parameters n; and §; satisfying (4.26) and (4.27).
The expansion coefficients Aj‘ form the slowly varying envelope superimposed on these
quasi-resonances. Because of the pseudorandom phases of the sinc functions Q"(n), at
any given point only one or two functions contribute considerably to 2. Therefore the
amplitudes A"L determine the long-range behaviour of the state 3. In the next subsection,
an approxxmate eigenvalue equation for the amplitudes Aj will be constructed.

The description of the eigenstates by a combination of sinc functions was verified
numerically for several states. In order to test it for a large number of states, the width of
single quasi-resonances will be studied statistically. Since the sinc function decays slowly
away from its peak, it is convenient to define its width I'(D) as the number of unperturbed
states included in 1/D of its peak value, where D is some positive constant. It is seen
from (4.24) that this width is predicted to be independent of parameters, and is only a result
of the deviation of the argument of the sinc from an integer multiple of w. This can be
related intuitively to the fact that the typical time scale for transitions in this problem is
the unperturbed classical period 27 /¢, since transitions occur only near the wall (see also
(3.30)). By uncertainty, this defines a linewidth in energy of AE ~ %e, and taking into
account the density of states, (3 E,/dn) = ke, the corresponding width in # space is found
to be of order one. Note that the use of Rabi’s formula [32] is not justified here since many
levels are involved in the transitions. Indeed, Rabi’s formula gives a typical width of the
quasi-resonances which depends on parameters, and, in particular, grows as n!/3, Figure 7
presents the widths I'{(4) of quasi-resonances as a function of their peak position in r. The
data are accumulated from many different eigenstates of the semiclassical matrix (3.28). It
is seen that the widths fluctuate around a mean value, with no systematic dependence on .
The full curve is the average as predicted by the calculation presented in what follows.

Using equation (4.24)} and the definition I'(D) for the width, one finds that

(D) =1+ 8D = D] + LI8|(D + 1)) (4.31)

where |x] is the integer part of x, while 4 is the value of the detuning &; for the quasi-
resonance in question. The derivation of this function is described in appendix D. Now the
statistical distribution of widths is obtained from this function for § uniformly distributed

in the interval [ 3 %] The mean value of this distribution is the full curve depicted
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in figure 7. The predicted distribution was tested numerically for the quasi-resonances in
the eigenstates of the semiclassical mairix. The results are shown for D =8 in figure 8,
Note that the distribution is non-monotonic, and exhibits a non-trivial behaviour which the
semiclassical data closely follow. It is, however, a single-resonance approximation; effects
of neighbouring resonances on each other are ignored, and therefore larger deviations are
expected for high values of I'(8). For the same reason, the whole description is valid only
for values of D much smaller than the separation between resonances.

040
semiclassical

030 | linear approx.
2 020
=¥

o0 t g

0.00 =

0.0 6.0 8.0 10.0

Figure 8. Data collected from many eigenstates of the semiclassical matrix {dark bars) with
k=1,8 =054 and % = 37, are compared to the analytical prediction, equation (4.31} with &
uniformly distributed (light bars).

4.3. The asymptotic behaviour of the eigenstates

The results of the previous subsections can be used to justify and extend the procedure
presented by de Oliveira et al [32], where the eigenvalue equation for the Floquet
Hamiltonian was projected onto the photonic states. We first introduce the Floquet
Hamiltonian corresponding to the unperturbed system Hy:

]

Ko =Ho — ih—
0 0 ]ar

(4.32)
It has a basis of eigenstates

In, j) = |nje™/* 4.33)
where |n} are the eigenstates of Ho, with corresponding eigenvalues (E, — #j). Now the

full Floquet Hamiltonian is K = H — ikd/9z, with H the full time-dependent Hamiltonian.
‘We write the eigenvalue equation for the operator K in the |n, j) representation,

k
(En =R} 5 + 55 D (lE1) [@h pua + 60 j ] = BAGL ;. (4.34)

where qb,’;‘ ;= J1#.). Note that to an eigenstate of U with eigenphase A corresponds an
eigenstate of K with eigenvalue #24. In the unperturbed case, k = 0, the eigenstates are just §-
functions at sites n; satisfying A = (Ej, /hi—j). This sets the relation between the states |, j)
and the states |n) for a given A. The perturbation mixes different values of j corresponding
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to approximately the same A, to form the ladder of quasi-resonances; therefore the index j is
identified as the quasi-resonance number. From the previous subsections, we know that for
k > 0 the states are combinations of sinc-functions Q;(n) with amplitudes to be determined.
We now use this knowledge to modify the method of [32], and construct an equation for
these amplitudes. We introduce the following approximation for the wavefunction:

A ARk s sinfw(n — ny 4 8;)1
i = A = A T )

Using equation (4.23) for the relation between #; and A, equation (4.34) reduces to an
approximate equation for the A"}:

(4.35)

sin(wd;) k .

o S A Q) + A, ] R0 @36
where ¢; is the value of ¢ near the jth quasi-resonance. This is an approximate eigenvalue
equation with a nearly vanishing eigenvalue. The matrix elements are known to be

B 1
(3w Q)2 (Ep ~ Ep)?~
We approximate E, — Ey ~ i — (n" — njz1)eh, since the main contributions are from the

states around the neighbouring quasi-resonances, whose peak-to-peak distance in energy is
#i. The sums over #’ in (4.36) can now be performed with the help of the relation

f: sin[z(M + 8)] 1 _ 1
e (M8 (h— Meh)? TR +de?”

Near the jth quasi-resonance one finds, using the approximation E, =~ jh (see
equation (4.23)),

3E, N3
hej; = ( an) TP Jz‘“ : . (@439

consequently (4.36) takes the form

3z/2 (sm(”a )) LG P I = N0, (4.40)
. T k / (148410 (A48

This equation is very similar to (6} in [32], where a projection onto single n-states was
used. The correction due to the finite width of the resonances results in the replacement of
the diagonal part by a sine function (instead of a modulo function), and a correction to the
off-diagonal hopping which vanishes in the asymptotic limit ¢ — 0. In deriving it, we have
used the specific form of the eigenstates on a local scale, namely the locations and shapes
of the quasi-resonances.

If sin(srd;) were a random sequence, the exact results of [41] would ensure the existence
of power-localized eigenstates for (4.40). The power would then be proportional to the
square of the diagonal potential, implying in our case a power proportional to (22*/%2).
Figure 9 shows the same calculation as presented in [32], but for the model of (4.40).
Starting with an arbitrary initial vector (4}, A}) and using the transfer matrix technique,
one finds that the norm of the vector iterated a large number m of times, increases as mf.
The power 8 is expected to be related to the power of decay of the eigenstates of (4.40). It
can be extracted from the following relation [32]:

— Z log \/ (AL)? + (A}, 1) = constant + — Z logm. (4.41)

m—l m-l

—Athdje;

(nlzn') = — (4.37)

(4.38)
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Figure 9. Results of the same calculations as in [32], but for the refined model (4.40). {a) The
large-m behaviour of the norm of a vector under the action of transfer matrices corresponding to
the model, for £ = 0.07, % = 37 and 2 = 0.106. The starting point for iterations was #g = 800
and the resulting power is 8 = 6.2. The graph is an average over 51 values of A around A = 0.
(&) The dependence of the power of growth g on k. The best fitis In 8 = (—2,02::0.02) in k—3.5.

An example of such a calculation is presented in figure 9(a). The dependence of 8 on k
with ©Q = 0.106 held fixed, is plotted in figure 9(»). The best-fit power to the graph is
—2.00 = 0.03. This value is consistent with the results of [32,41]. Thus, this calculation
supports the assumption that the minor differences between our model (4.40) and the one of
[41] do not alter the conclusions concerning the power-law decay of the eigenstaies. These
differences include the fact that the diagonal potential is pseudorandom instead of randormn,
and that the hopping term is not constant but weakly dependent on position. Notice that
this dependence decreases in the asymptotic limit ¢ — 0.

The conclusion of this analysis is thus identical to that of [32]: the eigenstates are
predicted to be asymptotically power-law decaying, with a power

B=Cs (hki;) (4.42)
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as a function of the quasi-resonance number j. As a function of n, the asymptotic decay
is with a power of (28/3). The constant of proportionality Cz is found from numerical
calculations to be approximately 10 (compared to 12.2 of [32]). Thus the critical field &,
for which the power of decay as a function of j is less than % is k. =~ 4.47+/h Q3 (compared
to 4.9+/RE2% of [32]). Our analysis was based on detailed information concerning the local

structure of the quasi-resonances in the state, and justifies most of the assumptions of [32].

4.4. A local-scale crossover

From the structure of the guasi-resonances and the shape of the semiclassical matrix, a
crossover in the behaviour of the function on a local scale can be predicted. There are
two basic length scales in action space: the bandwidth &(n) of the Floquet matrix and the
distance Ar between neighbouring quasi-rescnances. Considering that transitions are most
effective between quasi-resonant states, one can argue heuristically that in the region where
the b(n) < An transitions are less likely to occur [33]. In this regime, absorption of even
one photon involves transition through a classically forbidden region. The phases at the
quasi-resonances are pseudorandom and-therefore exponential localization is expected in
this region. The condition for this is
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Figure 10. Two typical forms of the eigenstates of the semiclassical matrix on the large scale.
The point n, that is predicted by the theory is marked.
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k(nhy*?
mh
In contrast, if b(n) 2> An, there can be multiphoton transitions within the classically
allowed region, transitions will occur more easily and the asymptotic power law found in
the previous subsection is expected. This defines a critical value of n,, below which the
functions are expected to be localized:

526
k

< 3QnR)153. (4.43)

ne = (Bry—h>. (4.44)

A numerical study of this crossover was performed in order to check the scaling law (4.44).
For this purpose, approximate matrices, given by (3.28), of size up to 1200 were used.
Two typical quasi-energy states of such matrices are shown in figure 10(a) and (b), with
n. marked on the figure. (Equation (4.44) gives only the scaling; a numerical prefactor is
extracted from the calculations, as will be explained below.) As seen from the figure, this
value is not a well defined point but rather a region of crossover. In addition, its exact
location is slightly different in each quasi-energy state. In order to study its dependence
on & and £, some averaging procedure is required. It mums out that technically the states
of the kind shown in figure 10(&) are easier to handle numerically. For each value of the
parameters k and €2, the approximate matrix (3.28) was diagonalized numerically. All the
states with an absolute value having the general form of figure 10(b), were picked out and
smoothed around the phoionic peaks. Since the positions of the peaks are different in each
state, this resulted in smoothed states that are sampled each at a different set of discrete
points. Therefore, in order to average over all these smoothed states, binning had to be used.
The size of the bin was chosen so that a statistically significant number of sample points
(several hundreds) were counted in each bin. The resulting averaged state [/ has a smooth
crossover, of the form | (n)| ~ 1-~e™*"/%, From this, the point n, can be extracted, which
in general depends on x. However, for several choices of « which are of order unity, the
scaling of n, with the parameters & and €2 turns out to be the same. The results of these
calculations are summarized in figure 1. Each point on the graph corresponds to a different
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Figare 11. The scaling of n, with k and $2. Different values of £ with & = 1 (circles); different
values of k with Q = 0.45 (stars). % = 3= for all points. Each point was obtained by averaging
the absolute value over many states, resulting in a smooth function such as that in the inset,
correspending to the point marked by an arrow.
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set of values (k, §2). The error bars result from the bin size. The inset shows an example
of one of the averaged states from which a value of n, was extracted, with ¥ = In2. The
cotresponding point in the main figure is marked by an arrow. It is seen that the theoretical
scaling law agrees perfectly with the numerical results. Allowing for a numeric prefactor
in (4.44), this is found from the figure to be approximately 0.65.

5. Summary and discussion

In this paper, we considered the model system (1.2} as a prototype for a class of pericdically
driven one-dimensional systems which are inherently different from the kicked rotor,
although the classical motion is chaotic. This class is characterized by the unperturbed
system having a spectrum which is asymptotically a slowly varying function of the main
quantum number a. It includes, among others, the bound spectrum of the hydrogen atom,
and power-law potential wells with a power smaller than 2. A general method for the
approximate analytical treatment of such systems was suggested and applied in detail to the
system (1.2).

For the solution of the classical equations of motion, perturbanon theory was used, with
a small parameter ¢ .which is the ratio between the unperturbed frequency and the driving
frequency. This expansion becomes better at high energies. In particular, for every strength
of the external driving, there exists a regime high enough in energy such that the expansion
is valid. The small parameter is treated as a dynamical variable, and its time variation is
related to that of the canonical action variable. The classical trajectories for one driving
period are expressed in terms of a power series in €. Since the driving period is a very short
time scale in the problem, a semiclassical calculation of the Floguet operator is expected
to be very accurate. This calculation is performed using a uniform (Bessel) approximation,
taking as input the approximate classical trajectories. The resulting Floquet matrix was
found to have an effectively finite bandwidth, but its width at the column # is proportional
to n?3. To the leading order, the diagonal elements are the free-propagation factors, their
phases depending on the unperturbed energy levels E,. The off-diagonal elements are small,
of the order €. The characteristics of the approximate matrix, as well as its eigenstates,
were compared to those of the exact matrix by numerical calculations, and good agreement
between the two was found.

The increasing bandwidth structure of the propagator was found numnerically for the
model system (1.2), with cos ©f replaced by a periodic function ¢onsisting of two truncated
parabolas [48]. A power of 0.5-0.7 was fitted to the bandwidth. All the calculations of
the present paper are relevant for that driving as well, and a bandwidth varying as n*/3 is
predicted theoretically. For any time dependence that generally resembles a sine function,
i.e. a smooth function with one positive and one negative extremum, there are two classical
trajectories which coalesce, and therefore the Bessel approximation is applicable resulting
in a form of the Floguet matrix similar to the one obtained heré. A driving by §-functions

-in time is more problematic, and a direct application of the method presented here is not
possible. Indeed, in numerical calculations of the Floquet matrix for this form of driving
it was found that it does not have a band structure, but rather a power-law decay, and that
the eigenstates exhibit an asymptotic decay with the same power [35].

From this work the following general fortn of eigenstates of the evolution operator /4
emerges. The states are combinations of quasi-resonances that are approximately equally

-spaced in energy. The lineshape of all the quasi-resonances is similar, and depends only
on their relative position compared to the lattice in action ». The analytic form of these
quasi-resonances is given by (4.24). On the quasi-resonances is superimposed an envelope,
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which is exponential for n < n. and a power law for n 3> n.. The crossover value n., which
is proportional to (A202%/k), is the value of n for which the bandwidth of the semiclassical
matrix is of the order of the distance between guasi-resonances. In figure 10 representative
eigenstates are depicied. If the maximum of the state is below n,, the shape is similar
to figure 10(a), while if it is above n. the shape is similar to figure 10(6). For » much
larger than r,, the envelope decays with the number of quasi-resonance j as a power law,
namely as j~°, where 8 is proportional to (:£23/k?) (sce equation (4.42)). The power of
decay as a function of n is (28/3). For 8 < 15 these states are not normalizable, while for
8> —;— they are normalizable. This last result was also found in previous works [32,40].
In this work, it was obtained in the framework of a model for the envelope superimposed
on the quasi-resonances, which was developed by ‘sewing’ together solutions of a linear
local approximation to the semiclassical evolution operator. Our model for the envelope
(4.40) is a refined version of the model proposed by de Oliveira et al [32]. The present
work justifies the basic assumptions of this previous work, and provides many details on the
structure of the eigenstates on local scales. Because of limited computer power, we could
not perform a numerical test of the asymptotic behaviour of the wavefunctions and of the
long-time dynamics of the exact model. It is quite possible that the delocalization transition
found in earlier numerical calculations [40] for a finite basis, results from the variation of
n. compared to the size of the basis, rather than the transition of 8 through its critical value.
This issue should be left for further investigation.

Acknowledgments

This research was supported in part by the US-Israel Binational Science Foundation, and
by the fund for promotion of research at the Technion. Part of the work was done
during a workshop that was organized in. Como by G Casati and G Mantica and was
sponsored by the European Science Foundation. It is our great pleasure to thank O Agam,
G Casati, B Eckhardt, I Guarneri, A Iomin, J Leopold, N Moiseyev, U Peskin, R E Prange,
D Shepelyansky, U Smilansky and M Wilkinson for informative and inspiring discussions,
Special thanks go to the referee of J. Phys. A: Math. Gen., who pointed out to us an error
in the first version of this paper.

Appendix A. Second-order solution for &

In this appendix the next correction to the time dependence of # will be calculated for
completeness. This corresponds to the second order in €, and takes into account the leading
order time variation of the action variable.

We assume a formal expansion for () in the small (constant) parameter &,

8(z) = G(7) + 61 (2)eo + Ga(T)EE + - - - (A1)

and a similar expansion for £(t). To second order, we substitute the solution €(z) to the
corresponding order in the equation of motion (2.11) for 8(z).

Consider first the case of a cycle with no collision, 8y < 6. In this case, we nse the
first two terms of (2.18) for (7) to write the equation for £(7),

. \ . . k . k k .
6 = o + breo + brep = [eg - -n_—zez(eg — ) sin r:' + s [éo - Pez(eg — 1) sin r]

x[27 6y + 61€0) — (63 + 2608 €p)] cos T ] (A.2)
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where the dot denotes derivative with respect to . Comparing equal powers of ¢y and
integrating, the solution to second order is found to be

k k -
(1) =Gy + g7 + FGQG(@Q) sint + ey %(90 —m2tsint + 3cosT — 3]
2 R
—ﬁeg(eo — 7)a(fo) sin’ T . (A3)

This solution consists of 2 linear time dependence, with oscillatory terms superimposed
on it. At the end of the cycle, T = 2w, one has

8(27m) = 6y + 2mep (Ad)

which is the same as the first-order result.

For a cycle in which a collision occurs, the two expressions, before and after the
collision, must be distinguished. For the first one, T < 7#, the equation for ¢ is the same
as (A.2), and the solution is {A.3). It should be noticed that now the last term in (A.3) is
of order Gg,' since for a cycle with a collision a(8) = O(ep). After the collision, T > t*,
one has to substitute in the equation for #(z) the corresponding expression for €(z),

k.
() =€ — E%-F[(Qo —37)sinT + 27 sinT¥) (A.5)
and to require the explicit periodicity in a(6) to the order &

a(f) = 2 (fp + B16p — 27) — (6o ~ 27)* -+ 26, (6o — 27 )ep) . (A.6)

The solution to second order is, for 7 > 7%,

k - ) __ k
8ty =6+ €T+ —5% [@(60) sin T + B(Bo) sin T*] + -ﬂ—zeg(eo —x)

k 24>
+;s§(3rf — 6p)[2T sin T +cos 7] ~ ?eg [(z +7%)sinz* + cosT*] (A7)

where we defined the following functions of 6;: |
@(6o) = 27 (0o — 2m) — (6o — 27 )* b(6o) = a(@o} — a(bs) - (A.8)
Note that the first order term in (A.7) differs from that of (2.12) by a quantity which is of

order €2. The mapping for the canonical variables  and 6 can now be written, to this order
of the approximation, as

Iy ; &, <8~
T = 2 s, S o
I+ — 1 gint* + ——— 113 gin? ¢* 8, > &%
" 3QZxp2 "
(A.9)
27 :
6, + E1,;”3 : 8, < &
Ont1 = 27 2k
8, + ﬁ1,;‘/3 + m;,;zﬁ [1— (@7 —7*)ysinz* — cost*] 6, > 6.
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Appendix B. Area preservation of the map

In this appendix, the Jacobian of the perturbative classical map is calculated to lowest order,
Due to the dependence of the small parameter €, = wy(I,)/€2 on the action variable, it is
not & priori clear to what order the map should be calculated so that its Jacobian is correct
1o first order. In general, the classical mapping has the following form:

Lt =T+ A, TP + B@,, 72+ (B.1)
Op1 =6, + C(6,, T*)In-lﬁ + D@, T*)In—zﬁ 4 (B.2)
where T* depends on both [, and 8,,. In order to see which terms contribute to the Jacobian
to first order in &,, the partial derivatives (37*/91;) and (8r*/94,) must be calculated as

a power series in €,. The collision time 7* is defined by the equation 6(z*) = 2x, or
explicitly, to second order in &,,

k k
2t =0+ &7+ ;e,,a(ﬂ,,) sint* + Fef(ﬁ,, —m¥27*sint* + 3cos T — 3]. (B.3)

Differentiating both sides of the equation with respect to 8, yields

* —
d Y _1 — —(rc 8,)ysint* + (6") os t* %(ﬂ' — @)t cosT*. B.4)
38, €n zr2

Making a change of variables correct to first order in &, namely = = (2r —9,)/ e, -+ O(e,),
one finds that, in terms of the variable 7,

ar* k
= —-3QI° ¢+ Zsintt + O, .
(39,1) 31, -l-n_smr +‘ ) (B.5)

A similar caleulation for [ yields the following partial derivative:

* * k
(?}; ) N %Iﬂ—l T L7*7 [z*sint* 4+ 2(cos T* = 1)] 4+ O,7) . (B.6)
n

Taking into account the fact that C is constant ard that A does not depend explicitly on 8,,
one concludes that the leading contributions to the Jacobian come from the first correction
to J,, namely from A, and from the two first corrections to &, namely C and D. The
resulting partial derivatives are

()=
(%)
)

33“_21'”3 [2sint* + £* cos 7] + O(H7)

1l

6k>
—-—I cosT* -m12/3 sin7* cos 7% + O(}3)

(B.7)
39’1'*'1 — I—4/3 O I—5/3
8L, )~ —9_9 n O
(6‘3;.:1) 1+ 32]; 7P l2r =) cos ¥ —2sin T*] + O %)

where in the last derivative, the expression (2w - 8,) was replaced by &,7*, which is
equivalent to the leading order. It is therefore seen that the deviation of the Jacobian from
unity is of order I, 7°, i.e. of order 2.
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Appendix C. Details of the exact solution to the local eigenvalue eguation

In this appendix some details of the derivation of the wavefunction (4.17) of the linear
model are presented. The series in the exponent of {4.17) can be summed exactly by using
the identity

i cos(m#8) i 7 cos[p(f —m)]

m? — p? - 2p7 " 2p  sin[pn] 0<6<2m p # integer. €.

m=1

In our case g = 1/¢, and the equation can be integratecl to find the sum

X, sin(m8) _€ ' sin[(8 — w)/e]
mz__;m(mz—-lfez) 6-m - ?” sinlz/el - ©

Thus the quasi-energy eigenfunction in 6 is
sin{(8 — m) /€l ) } - ©3)

¢
(8¥n) = expi {H-B +o— ((9 T —x sin[7 /€]

Now the Fourier coefficients of this funcnon must be calculated to get the quasi-energy
states in the /-representation:

IR :
) =5 | @t)e™ . (C4)

Defining B = £ /2sin(x /¢) and wsing in this the expansion

o0
euiB sinx _ Z Jn(B) e-—-imx ’ (C.5)
m=-c< A
where J,, is the Bessel function of integer order m, one obtains the function (4.17). Notice
that this function decays asymptotically as 1//% as expected, although each term in the
infinite sum decays only as 1//.

Appendix D. Calculation of quasi-resonance widths

In this appendix the distribution of quasi-resonance widths is calculated. It will be assumed

that the guasi-resonances are independent. This is justified asymptotically, although the

decay of each quasi-resonance can be relatively slow, since their separation grows with n,
whereas their typical decay is independent of parameters,

Using the local sinc approximation for the single resonance, (4.24), and denoting by

M = (n—n;)} the distance from its peak, we write '

sin[(M + &)zx]  (=1)"sin(w8)

M+8r —  (M+8x

The maximum is at A = 0, and the relative magnitude of the function at point M is

18/(M + 8)|. Defining the width I'({D) of the quasi-resonance as the number of lattice sites

included in 1/D of its maximum value, one finds (4.31) for the width. It is seen that with

no deviations, § = 0, the width is 1. For any given D, one can calculate the width as a
function of 8. For example, choosing D = 4, this fuaction is

(8.1

=
A
wtn—

r'4) = 3 ' D@2

B oW
Lnlkg W= =
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Now using the information that the & form a pseudorandom sequence with 2 uniform
distribution in the interval [ ;, é], the resulting probability distribution for the widths
is P(1)= -§‘-, P(2)= lS’ P(3) = 5"and Py = -;- Its average is 2.133 and its variance is
1.32 (cf figure 7).

References

[1] Casati G, Guarneri I and Smilansky U (ed) 1993 Quartum Chaos, Proc. Int. School of Physics ‘Enrico Fermi'
{Varenna 1991} (New York: North-Holland)
f2] Haake F 1991 Quantum Chaos {INew York: Springer)
[3] Casati G, Chirikov B V, Shepelyansky D L and Guameri I 1987 Phys. Rep. 154 77 and references therein
[4] Casati G, Chirkov B V, Izrailev F M and Ford I 1979 Stochastic Behavieur in Classical and Quantum
Hamiltonian Systems {Berlin: Springer)
{5] Fishman S 1989 Phys. Scr. 40 416
[6] Fishman S, Grempel D R and Prange R E 1982 Phys. Rev. Lett. 49 509
Grempel D R, Prange R E and Fishman S 1984 Pays. Rev. A 29 1639
{71 Giannoni M J, Voros A and Zinn-Justin J (ed) 1991 Chaos and Quantum Physics, Proc. Les-Houches Summer
School, Session LI 1989 (Amsterdam: North-Holland)
[8] Gutzwiller M C 1990 Chaes in Classical and Quantum Mechanics (New York: Springer)
[9]1 Bliimel R, Fishman $ and Smilansky U 1986 J. Chem. Phys. 84 2604
[10} Prange R E and Fishman S5 1989 Phys. Rev. Lest. 63 704
[11] Agam O, Fishman S and Prange R E 1992 Phys. Rev. A 45 6773
[12] Casati G and Molinasi L 1989 Prog. Theor. Phys. Supp. 98 287
{13] Zeldovich Y B 1967 Sov. Phys.-JETP 24 1006
[14] Chirikov B V 1979 Phys. Rep. 52 263
[15] Lichtenberg A J and Lieberman M A 1983 Regular and Stochastic Motion (Berlin: Springer)
[16] Cohen A and Fishman § 1988 Inw. J. Mod. Phys. B 2 103
[17] Ishii K 1973 Prog. Theor. Phys. Suppl. 53 77 and references therein
[18] For a review see Fishman § Quantum localization, in [1] and references therein
[19] Shepelyansky D L 1983 Physica 8D 208
[20] Casati G, Guarneri I and Shepelyansky D L 1989 Phys. Rev. Lert. 62 345
[21] Fishman S, Prange R E and Griniasty M 1989 Phys. Rev. A 39 1628
[22] Dittrich T and Smilansky U 1991 Nonlinearity 4 59, 85
[23] Doron E and Fishman S 1988 Phys. Rev. Letr. 60 867
{24] Casati G, Guameti 1 and Shepelyansky D L 1988 JEEE J. Quantum Electron. QE-24 1240
[25] Jensen R V, Leopold J G and Richards D R 1988 J. Phys. B: Ai. Mol Opt. Phys. 21 L5327
[26] Blifmel R and Smilansky U 1987 Z. Phys. D 6 83
[27] Das-Sarma 3, He § and Xie X C 1988 Phys. Rev, Lett 61 2144; 1990 Phys. Rev, B 41 5544
{28] Brenner N and Fishman S 1992 Nonlinearity 4 211
[29] Griniasty M and Fishman S 1988 Phys. Rev. Letr, 60 1334
[30] Thouless D J 1988 Phys. Rev. Ler. 61 2141
[31] lzrpilev F M and Shepelyansky D L 1980 Teor. Marh. Fiz. 43 417 (Engl. transl. 1980 Theor. Math. Phys. 43
553)
[32] de Oliveira C R, Guameri | and Casati G 1994 Europhys. Letr. 27 187
[33] Richards D, Leopold J G and Jensen R V 1989 J. Phys. B: A1, Mol. Opt, Phys, 22 417
[34] Grempel D R, Fishman S and Prange R E 1982 Phys. Rev. Lest. 49 833
Prange R E, Grempe! D R and Fishman 8 1984 Phys. Rev. B 29 6500
[35] Shimshoni E and Smilansky U 1987 Nonlinearity 1 435
[36] Fetter A L 1976 The Physics of Liguid and Solid Helium ed K H Bennermann and J B Ketterson (New York:
Wilay)
[37] Prange R E and Nee T W 1968 Phys. Rev. 168 779
[38] Koch J F and Kip A F 1965 Low Temperature Physics (Proc. LT9} (New York: Plenum) p 818
[39] Pustylnikov L D 1978 Trans. Mescow Math. Soc. 2 1
[40] Benvenuto F, Casati G, Guatneri I and Shepelyansky D L 1991 Z. Phys. B 24 159
[41] Deylon F, Simon B and Soulliard B 1984 Phys. Rev. Lere. 52 2187; 1985 Inst. H Poincaré 42 283
[42] Miller W H 1974 Adv. Chem, Phys. 25 69
[43] Chester C, Friedman B and Ursell F 1957 Proc. Camb. Phys. Soc. 53 599



Semiclassical dynamics of a bound system 6011

[44] Levit S and Smilansky U 1977 Ann. Phys, NY 103 198; 108 165
{45] Berry M V and Mount K E 1972 Rep. Prog. Phys. 35 315
{461 Stine J R and Marcus R A 1973 J. Chem Phys. 59 5145
N Connor J N L and Mayne H R 1978 Mol. Phys. 37 1
[47] Watson G N 1958 A Treatise on the Theory of Bessel Functions 2nd edn (Cambridge: Cambridge University
Press)
{48] Dembinski § T, Makowski A J and Peplowski P 1593 Phys. Rev. Letz. 70 1093
{497 Peskin U and Moiseyev N 1993 J. Chem. Phys. A 99 4590
[50] Sambe H 1973 Phys. Rev. A 7 2203



